Abstract. Several modifications of the discrete operators are available in the literature. In the recent years, certain modifications of the well-known Baskakov and Szász-Mirakyan operators have been discussed based on certain parameters. We propose mixed summation-integral type operators and estimate the quantitative asymptotic formula and a global direct result for the special case. For general case, we establish moments and some direct convergence results in ordinary approximation, which includes pointwise approximation, asymptotic formula and a direct result in terms of modulus of continuity.
Introduction
In order to generalize the Baskakov operators, Mihesan [15] proposed the following operators based on a non-negative constant a, independent of n as and the rising factorial is given by (n) i = n(n + 1) · · · (n + i − 1), (n) 0 = 1. Also, in order to generalize the Szász-Mirakyan operators, Jain [13] introduced the following operators
where 0 β < 1 and the basis function is defined as
n,k (x) = nx(nx + kβ)
k! e −(nx+kβ) .
It was seen in [15] and [13] that
n,k (x) = 1. The integral modification of the classical Bernstein polynomial was introduced by Durrmeyer [6] . Gupta et al. [10] proposed the hybrid Durrmeyer type operators by taking the general basis function L (β) n,k (x) under summation sign, the actual Durrmeyer operators for this basis function were recently considered by Gupta and Greubel [16] . In order to approximate Lebesgue integrable functions on the interval [0, ∞), for a non-negative parameter a and 0 β < 1, we propose the mixed hybrid Durrmeyer type operators as follows:
where f, g = ∞ 0
f (t) g(t) dt. Some approximation properties for the particular case β = 0 were recently discussed by Agrawal et al. [1] . For the special case of a = β = 0, these operators reduce to the Baskakov-Szász operators introduced about twenty years ago by Gupta and Srivastava [12] , which are defined as
We may point out here that L (β) n,k (t), 1 is dependent of k, while for β = 0 this term is just 1/n. Dragomir [3] established interesting approximation results of continuous linear functionals in real normed spaces. Very recently, Gupta and Agarwal [9] presented convergence estimates on several linear positive operators. We also mention for the readers some of the related work as [2, 7, 8, 11, 17, 18] etc.
Here, we first estimate the quantitative asymptotic formula for the special case and a global direct result. For general case, we establish moments and some direct results in ordinary approximation, which includes pointwise approximation, asymptotic formula, error-estimation in terms of first and second order modulus of continuity.
Approximation for the case a = β = 0
Very recently Luo-Milovanovic-Agarwal [14] established some results on the extended beta and extended hypergeometric functions. We observe that in the special case, if we take a = β = 0, then the moments can be obtained in terms of hypergeometric series as follows: Using the identities: k! = (1) k and Γ(k + m + 1) = Γ(m + 1)(m + 1) k , we have
Applying the well known transformation
we obtain at once
In general, using the similar approach, one can show that:
where [α] denotes the integral part of α.
Let B x 2 [0, ∞) be the set of all functions f defined on R + satisfying the condition
2 ) with some constant M f , depending only on f , but independent of x. B x 2 [0, ∞) is called weighted space and it is a Banach space endowed with the norm
1+x 2 is finite. We know that usual first modulus of continuity ω(δ) does not tend to zero, as δ → 0 on infinite interval. Thus, we use weighted modulus of continuity Ω(f, δ) defined on infinite interval R + (see [17] ). Let
Now, some elementary properties of Ω(f, δ) are collected in the following lemma.
From the inequality (2.3) and definition of Ω(f, δ), we get
The following estimate is quantitative Voronovskaya type asymptotic formula:
Proof. By Taylor's formula, there exist η lying between x and y such that
where
2 and h is a continuous function which vanishes at 0. Applying the operator D n to above equality, we get
Also, we can write that
To estimate last inequality using (2.4) and the inequality |η − x| |y − x|, we can write
Also,
Using (2.2), we deduce that
By C B [0, ∞), we mean the class of all real valued continuous and bounded functions f on [0, ∞). The second order Ditzian-Totik modulus of smoothness is defined by
ϕ (f, δ) for some absolute constant C > 0. Also, the Ditzian-Totik modulus of the first order is given by
where ϕ is an admissible step-weight function on [0, ∞).
If f ∈ C B [0, ∞) and n ∈ N, then we have the inequality
for u between x and t,D n (t − x, x) = 0 by using (2.1), and for g ∈ W 2 ϕ [0, ∞), by Taylor's formula, we have
Applying the operator D n to above equality and then taking modulus, we get
Hence, by definition of K 2,ϕ (f, δ 2 ), we have the inequality
Moments for the general case
For the general case, we obtain moments as follows: 
Proof. Using the identity
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n,m (x). Remark 3.1. Using Lemma 3.1, the first few moments are as follows:
f (t) g(t) dt and P r (k; β) is a polynomial of order r in the variable k. In particular 
The first few are
Proof. Obviously by (1.2), we have T
Thus, using Lemma 3.1 and Lemma 3.2, we have
Direct estimates for general case
In this section, we establish the following direct results:
We denote the norm f = sup x∈[0,∞) |f (x)|. For f ∈ C B [0, ∞) and δ > 0, the m-th order modulus of continuity is defined as
where ∆ is the forward difference. In case m = 1, we mean the usual modulus of continuity denoted by ω(f, δ). Peetre's K-functional is defined as
where C is a positive constant and δ n is given by
with β = β n → 0 as n → ∞.
Proof. We introduce the auxiliary operatorsD 
f .
